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Minimum-Time Constant Acceleration Orbit Transfer
with First-Order Oblateness Effect

Jean Albert Kechichian®
The Aerospace Corporation, El Segundo, California 90245-4691

The analysis of the minimum-time thrust and J,-perturbed orbit transfer between elliptic orbits of arbitrary
size, shape, and orientation, and using continuous constant acceleration whose direction is optimized, is presented
for two different formulations using nonsingular equinoctial orbit elements. A previous formulation that used
the equinoctial orbital rotating frame for the component resolution of the perturbation vector is extended to a
recently developed formulation that uses the true longitude as the sixth state variable and the polar frame for the
component resolution of the thrust and J,-induced accelerations. This new analysis is much simpler because it
provides the simplest form of the differential equations for the adjoints and removes the need for solving Kepler’s
transcendental equation during the numerical integration of the dynamic and adjoint system of equations. Because
of these simpler features, the corresponding software is also more robust resulting in improved convergence to the
optimal solution of interest. The constant power and constant Iy, case that results in constant thrust is a trivial
extension of the constant acceleration case studied here because the acceleration is easily updated by updating the

mass of the vehicle during the numerical integration.

Nomenclature
= semimajor axis
= eccentric longitude, E + o + Q
= acceleration vector due to J,
unit vectors along axes of direct equinoctial frame
= thrust acceleration magnitude
- (1 _ h2 _ k2)1/2
=esin(o+ Q)
Earth second zonal harmonic, 1.08263 X 1073
=1+p>+4*
= ecos(w+ Q)
= true longitude, 6" + 0 + Q
= orbit mean motion, u"/2a=32, rad/s
= tan(i/2) sin 2
= semilatus rectum, a(1 — €?)
= tan(i/2) cos Q2
= equatorial radius of the Earth, 6378.14 km
radial distance
= velocity vector
unit vectors along axes of Euler-Hill frame
-, cr = sinF, cos F,etc.
= unit vector in the direction of thrust
true anomaly
= mean longitude, M + o + Q
= Earth gravity constant, km?/s?
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Introduction

HE problem of minimum-time orbit transfer using continuous

constant acceleration whose direction is optimized, and the
full set of the nonsingularequinoctial orbit elements as coordinates,
has been presented previously.! The differential equations for the
coordinates a, h, k, p, g, and A, which were precision integrated,
considered only the thrust perturbation that was resolved along the
rotating direct equinoctial orbital frame, and they were generated
and written in terms of F', which had to be determined through iter-
ation at each integration step from Kepler’s equation. The analysis
was later made simpler by adopting the Euler-Hill or polar frame as
the orbital frame for the thrust perturbationvectorresolution,and the
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differential equations for a, h, k, p, q, and A were written directly
in terms of L, which resulted in a simpler form for the equations
of the adjoint variables? A further simplification was achieved® by
adopting the Euler-Hill frame,? but also by replacing the sixth ele-
ment A by L and by expressing the dynamic equations in terms of
L. This change of variable has provided the simplest form of the
differential equations for the adjoint variables and eliminated the
need to solve for F' throughiteration from Kepler’s equation at each
integration step. This optimization analysis was later extended to
include the effect of the oblateness of the Earth and the J,-induced
acceleration was added to the thrust acceleration within the original
mathematical framework." The analysis of this augmented problem
was presented* with the J, accelerationfirstresolvedalongthe direc-
tions of the equinoctial frame before generating the corresponding
equations for the adjoints. This paper extends the analysis of this
problem by casting the mathematics within the new framework?3
for further verification of the results, for simplifying the equations
for the adjoints, for again eliminating the need for solving Kepler’s
equation, and in general for producing a more robust software with
better convergencecharacteristics. The true longitude has also been
adopted as the fast element by Geffroy and Epenoy.’ The next sec-
tion shows how the full set of the dynamic and adjoint differential
equations for the a, h, k, p,q, A, and a, h, k, p, q, L sets are de-
rived extending the original analysis>* for the thrust-only case and
thereby providing two additional formulations for comparison with
the previous results.* After establishing the exact correspondence
between the three various versions and duplicatinga previous trans-
fer example,* it is concluded that the a, h, k, p, ¢, L formulation,
besides being the simpler one, also exhibits the more robust conver-
gence because the transfer is generated by a single run as opposed
to several runs needed with the previous software,* where the iter-
ated values of the Lagrange multipliers from one run are used as the
initial guess to start the next run until final convergenceis achieved.
Finally, for the purpose of generating averaged transfers, the aver-
aged rate of L, due to J,, is derived for the formulation using the
a,h,k, p,q,L set, after which the analytic partial derivatives of
that particular L ,, rate, with respect to the first five slowly varying
elements, are also derived.

Analysis of the Second Zonal Perturbation Effect
in Minimum-Time Low-Thrust Transfers
The perturbing accelerationf due to the second zonal harmonic
J, is resolved along the Euler-Hill axes 7, 8, and h and given by

fr ==(Buhr?/2r") (1 - 35257) (1)
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fo==(3unR? [r*)skseco )
fi = —(3uhR® [r*)siciso (3)
These acceleration components given in terms of the classical el-

ements can also be written in terms of the equinoctial elements
a,h,k, p,q,and L as

3uJ,R? — 2
f=- HJ 1-12 (g5, — pcr) @)
2r4 (1 + p? + ¢?)?

12u0,R? (g5, — per)(qe, + psp)

fo=- 4 (1 + p2 + ¢2)2 )
__6uhR (g5, — pe)(1 = p* —q*)
== ré (1+ p?+g?)? ©)

where the radial distance is given by

a(l —h?>-k?

- (1 + hsy + kcp) ™

The mean longitude A was selected as the sixth state variable* such
that the state vector was given by z =(ahkpgA)” and the equations

of motion by
a= ( )(Mﬁ +) ®)

h= ( )(uﬁ +) ©)
| ok
k = (—i>(ﬁft +£ (10)
0
p= (—f)(uf +£) (1)
0
g = (a—q><uf +£) (12)
r
l=n+ (a—/.l)(ﬁft +£) (13)
or

The partial derivatives da/or, oh/ or, ok/ or, op/or, oq/oF, and
0A/ oF are shown in Egs. (7-12) in Ref. 1 and in Egs. (41-46) in
Ref. 4. They are given in terms of the orbit elements, as well as X,
Y., X,,and Y, and the partialderivatives X,/ dh, dX,/ ok, 3Y,/ dh,
and 0Y,/0k. The expressions of the last six quantities are shown
in Egs. (20-23) and (47-50) in Ref. 4, and they are also listed in
Ref. 1 on p. 804. X, Y}, X;, and Y, are the components of the
position and velocity vectors r =X, f + Y8, and i =X, f + ¥, 2,
respectively, and they are given in terms of the elements a, &, and
k, as well as the eccentric longitude F. The unit vectors f and g
are complemented by w to form the direct equinoctial frame that is
obtained by rotating the polar or Euler-Hill frame (7, 8, &) through
the angle L

f ¢, —-s. 0 ?
g = S Cy, 0 é (14)
W o o 1) \i

Because the position vectorr canalso be writtenasr = repf +rs g,
we have F=(X,/r)f + (Y /r)g, 0 =—(Y,/r)f +(X,/r)g, and
h =W, where r =a(1 — kcy — hsy) is given in terms of F. Because
of the following equivalencies,(qs; — pc,) =1/r(qY, — pX;) and
(geL + psy) =1/r(gX, + pY)), the components of f in Egs. (4-6)

can be written directly* in terms of quantities that are expressed in
terms of F

fr= —%IJJzRZ"_4 +18uL, Rr~8(1 + p> +¢*)*(qY, — pX,)*

(15)

fo==12u L, R?r=°(1 + p* + ¢*)(qY, — pX1)(g X, + pY))
(16)

fu==6u LR (1 + p* +¢*) (1 = p* = ¢*)(qY) = pX))
amn

Thus, thef, £, and w components of f are readily obtained from
fr=XIn) fi =X/ fo (18)
fe =) f, +(Xi/r) fo (19)
fw = fh (20)

with f,, fo, and f, givenby Eqgs. (15-17). The equations of motion,
Egs. (8-13) arenow determined with f = fff+ fe8 + fuwresolved
along the axes of the equinoctial frame, as in the case for the thrust
perturbation* The Hamiltonian of this differential system is given®
by

H =X'M(z, F) fis + X,n + X' M(z, F)f 21

where )\T =X M X A, A, A;) is the adjoint variables vec-
tor that obeys the followmg Euler—Lagrange vector differential
equatlon
0H r OM on

= — ==\, — /l——)\T

: 0z ° oz Ju =4 0z
Unlike the mean longitude A, the adjoint variables appear with an el-
ement subscriptbecauseboth use the same Greek letter in the classi-
cal celestial mechanics and optimal control literatures, respectively.
The differential Egs. (8-13) are given in compact form by

(22)

1y
an—Z

a M, My, M 0

h My My Mo 0

k My Mz Mss “s /s 0

p = My My My s St fg + 0

q Ms, Ms, Ms; t F 0

2 Mg Mg Mg n
(23)

The 0 M/ 0z partialsare shown in the Appendix of Ref. 1, except that
Eq. (A96) has an error in the form of an % instead of £ and should

read as

X _ hsp+k }ll(m+[l2 —h o+2

Fok —(hsp+kep)—— y (sr—hpB)(cr )rSFCF
(24)

The 0 M/ 0z partialsin Eq. (22) was derived by using the assumption
that F = f(h, k, 1) such that

E)F oF a oF a
CF, = = TSF,

a =0, on ok r

Q)lQ)
>
Il
S|

(25)

Becauser is alsoa functionof a, h, k, and F, its partials are derived
using the same assumption as earlier such that

or a or a? h ) or a® * )
_—= - — T — - Sr Y — T — —Cr
oa r oh r F ok F
or or oF  a?
SO L ksp = hey 2
oA aF oAy kse —her) (26)
because
or oF a
3 =a(ksp — hcy), -7 27

The of / 0z partials needed in Eq. (22) involve the partial derivatives
of f,, fo, and f;, with respect to all six elements a, i, k, p, g, and
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A, and they have been derived in Ref. 4, where they are given by
Eqgs. (53-58), (59-64) and (65-70).

The equations of motion® were written directly in terms of L and
the perturbation accelerationresolved along the rotating Euler-Hill
frame, and A was selected as the sixth element. Thus, Egs. (13-18)
of Ref. 2 were written as

a = 2—ft[(ksL —hepu, + (1 + hsy + kep)ug] (28)

n(l —h? —k?)2
(=2 =),

= —(1+hs, +k .
na(l + hs; + kcL){ ( St cLe

+[h+ 2+ hsy +kep)splug — k(pep — qsp)uy} 29)

(1 —h? —k»)if

=—— (1 +hs, +k ,
na(l + hs; + kcp) ¢ St cL)sLu

+[k+ 2+ hs, +kep)e Jug + h(pep — qsp)uy} (30)
1
(1= 1 =i}, .
) = 1+ p*+ 1
P 2na(l + hs; + kcL)( P 4)seity (31)
1—h? = k)3
g == Lo b p g, G2)

2na(l + hsy + kcy)

(1—h?—k)3f;
na(l + hs; + kcp)

A=n-— {[[3(1 + hs; + ke )(hs, + key)

+2(1 —h* — k%) ]u + B2+ hs, + k) X (he, — ks, )ug

+(pe, — gqsp)uy ) (33)

Because A is being integrated, F' must be calculated from Kepler’s
equation, after which L is evaluated from

er =(ain)[(1 = h*Byep + hkPsy — k] (34)
si = (alr)[hkBep + (1 = K*B)sy — h] (35)
as shownin Eq. (19) and (20) of Ref. 2. The equations of motion for

this set of state variables z = (ahkpgA)T are written in a compact
form as in Eq. (26) of Ref. 2,

d B, B By 0

h By By Bul| ,, 0

k By, By, B ' 0

| = 31 32 33 we | £, + (36)

p By By By i 0

q Bil BSZ Bi'ﬁ 0

A Bsi  Bsa Bgs n
Its Hamiltonian is given by

H =MX'B(z, L)fa+ A;n (37)

and, when the J, perturbationis also considered, by

H =XI'B(z, L) fis + X,n + X Bz, L)f (38)

with the components of f* given by Eqs. (4-6). The unit vector &
is now resolved along the 7, 0, and h directions, too. The Euler-
Lagrange differential equations for the elements of the A, vector,
namely, \ =(A, A4, 4 A, A, A,)are given for the thrustand J,
perturbations as

o0H on
A =—— =—>\T—ﬁu Y —)\T
0z 0z

f AI'B ) (39)
0z

The partials 8 B/ 3z have a simpler form? than the partials 9M/ dz
appearing in Eq. (22) and shown explicitly in Ref. 1. They were
derived by allowing for the variation of L with respectto &, k, and

A, andbecause L is expressedin terms of F as shownin Egs. (34) and
(35), F is also allowed to vary with respect to &, k, and A (Ref. 2).
Thus, 0B/ 0z was derived using

oF _ oF a oF _a oF a
%a . on cr ok rF AT
(40)

and also using the following partials of the radial distance:

o r or a[(l = h*B)s. — hkﬂCL]
oa  a’ oh (1—h2—k2)%
or a[(l —k*B)c, — hkﬂsL] or  a(ks, —hcy)
ok — a _hz_kz)% ’ oL a —h2—k2)17
(41)
and, finally, the partial derivatives of L, namely,
oL
0
da
oL
oh
@/r2(1 = 1* = k)3[(1 = h2B)s, — hkBe,| — 5. — 2ah/r)
(hep —ksp)
oL
ok

a2/ r2(1 = h? — k)3[(1 = K2B)c, — hkBs, | — ¢, — 2(a/ r)k
(hep —ksp)

oL a’ ) oL

3 =— (1 =h* =7 (42)
The partials in Eqs. (40-42) are fully derived® in great detail. We
still need the partials 9f/ 0z in Eq. (39) to complete the analysis of
this particularchoice of the dynamic equations. From Eqs. (4-6) the
following are obtained:

of, <0 _s0 _
/. =6u,R*r seL_ 721, R*r 5—r(qsL — pc K™% (43)
da da da
of, < or _.or B
>h =6u,R*r SE — 7210, Rr Sﬁ(qq — ps)*K™?
2 -4 oL _,
+36pu LR r™(qs. — per)(qer + PSL)EK (44)
of, _Or _or _
aJ]: =6u,R*r Sﬁ — 7210, Rr 5ﬁ(qsL — pc)’K?
2. .—4 oL -2
+36u LR (gs, — per)(qer + psL)ﬁK (45)
a r
i = —36ur,R’r~*(qs, — pey)e K2
op
= T2uhR?r ™ p(gs, — pe)’K ™ (46)
of, _ _
a—’; =36u L R*r*(gs, — per)s K™
= T2ul,R*r~*q(qs, — pc )’ K™ (47)
of, _.or _.or B
34 =6u,R*r Sﬁ — 721, R%r Sa—/l(qsL — pcr )’ K2
2. .—4 oL _,
+36p LR (gs, — per)(qer + psL)ﬁK (48)

The f, partials are given by
0
af & = A8u R~

—(qsL - pe)(ge, + ps))K™ (49)
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of . or ~
a—; = 48 KR (g5, = peu)(ger + ps) K
oL

— 12uhR*r~*[(ger + psi)? = (g5 — per) ]—K 2 (50
0 < or _
% =48/~1J2R2" Sﬁ(qSL — per)(ger + psp)K 2

oL

—12uL,R*r~*[(ge, + ps.)® = (g5, — pey) ]_kK—z (51)
dfo 2. -4 -2
5 = Tl2mhR {ls.(gs. = per) = culger + psi)IK

—4p(gs, — per)(ge, + psi)K ) (52)
ofo 2 -4 -2
E =—-12uhLR°r {[SL(qCL + psp) + cu(gsy — per)1K

—4q(gs. — per)(qer + ps)K ) (53)
of . or B
_/16 =48/~1J2R2" Sﬁ(‘lh — pcr)(ger + psp)K 2

oL
— 12uL,R*r~*[(ge, + ps.)® — (g5, — ch>]7K-2 (54)

Finally, the f, partials are given by

fh = 24uJ, R*r ‘—r(qsL —pe)2 =KK™ (55)
aj;f =244 J,R*r ~—r<qsL — pe)(2 — K)K ™
2 -4 oL -2
—6u LR (ge, + psi)—2(2 = K)K (56)
a_o,fh = MR S g5y = pen)2 = KK
2,.—4 oL -2
=6 R qe, + ps) = (2= KK (57)
afh 2 -4 -2
2y = OHRRY {[-c.2 = K) = 2p(gs, — per)]K
—4p(gs, — per)2 — K)K ™} (58)
Ofn 2 -4 -2
2q = TOHRRT {ls.(2 = K) = 2q(gs; — per)]K
—4q(gs, — per)(2 — K)K 7} (59)
s Tlgsi = pen2 - K)K
2,.—4 oL -2
=6 R (ges + ps) =2 = K)K (60)

The partialsof r and L with respectto the elements, which appear
in the partial derivatives of f,, fo, and f;, shown earlier, are given
by Egs. (41) and (42). Further simplifications to this analysis are
possible if we use the equations of motion developed previously®
and thatuse L as the sixth state variable. The first five equations are
identical to Eqs. (28-32) and the sixth equation given by Eq. (19)
or (20) of Ref. 3, or

_na(L=W2 =) rgs = pey)
r? na*(1 — h? — kz)%

fi (6D

The basic dynamic equations for the thrust perturbation are written
in compact form as

a BIL1 BIL2 BIL3 0

h B;, By, B } 0

e |55 L BS . 0

. - BL BL BL Ug ff 0

14 41 42 43 ",

q B, Bj, Bg 0 1

L Bl B Bk na*(1 —h*— I<2)7/r2

(62)
The Hamiltonian involving the thrust perturbationis given by
H =T B () fu + A [na®(1 — h> = k%) /7]
and for the combined thrust and J, perturbationsby

H =X B (2) fu + A [na®(1 = 2 = k)% /2] + AT BL(2) f

(63)
The adjoint equations take the form
E)H aBL na*(l — h* — k%)
2 = ﬁu - A= (—2
oz 0z r
oB*- )
¥ (64)

A —f - A'B*-
e 50 BTy,
As shown previously,’ the partials of L with respectto a, &, and k
are identically equal to zero, with 0L/0L =1, and the partials of r

with respectto a, h, k, and L are given by
or

r or r (Qah + )
- — =——(2a rs
a’ oh a(l — h? —k?) ‘

da

or r ak + )
o ____r .
k- a(l gkt ra

2

or _ 17 (hey —ksi) 65)
oL a (1 —h2—k?

The 6 X 3 matrix B as well asits 0 BL/ 9z partialsare listedin Ref. 3,
and this formulation using the state vectorz=(a h k p q L)"
providesthe simplest form of the 9 B-/ 9z partials when comparedto
eitherthe 0 B/ 0z or the 0 M/ 0z partialsbecause, unlike M (z, F') and
B(z, L), the presentmatrix B~ is only a direct functionof z, namely,
B%(z), which allows us to consider dL/da =0L/oh =0L/ 0k =0,
thus simplifying to a considerable extent the form taken by the
differential equations for the adjoints. This simplification is still
effective when the 9f / 9z partials are generated in Eq. (64) because
there, too, we are allowed to ignore the variation of L with respect
to a, h, and k. These partial derivatives are now written explicitly
from Egs. (4-6) as

of, 0 0 _
J: =6/JJ2R2r_5—r —72/4J2R2r‘5—r(qsL — pc)’K™2 (66)
da da da
of, _.or _.or ~
7 =6uJd,R*r SE — 72uJ,R*r SE(qsL — pc)?’K™2 (67)
of, or or
=L =6uo,Rr>— —2ul,R>r>—(gs; — pc;)>’K™> (68
ok I»lz"ak HJo ak(qL per) (68)
of, _
9. = —36u,Rr*(gqs, — pcy)cL K
op
= T2ul,R?r~* p(gqs, — pey )’ K™ (69)
of. _
af =36/JJ2R2r_4(qsL = pe)s K :
q
= T2ul,R*r~*q(qs, — pc)’ K™ (70)
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Table 1 Orbit parameters

Orbit a, km e i, deg Q, deg o, deg M, deg
Initial 7000 0 28.5 0 0 —131.7396776 (optimized)
Target 42000 1073 1 0 0 Free
Achieved  41999.99992 1.000022 %1073  1.000001  359.999569 359.999132 45.411543 (optimized)
of, 5 5 OF , s Or S in the right-hand sides of the dynamic and adjoint equations. The
3L 6L Rr 3L T2uhhR%r a_L(qsL —pe)’K initial and target orbit parameters are shown in Table 1.
This free-free transfer is solved by guessing the initial values
+36ul,R*r*(gs, — per)(ger + ps) K2 (71) of the first five Lagrange multipliers, namely, (1,)0, (41)0, (A )o,

The fy partials are given by

0 0
ﬁ =48/~1J2R2"_5_r(‘15L — pcp)(gey, + PSL)K_2 (72)
oa oa
0 . or _
s =48u,R*r° —(gqs;, — pc)(qe, + ps))K ™ (73)
oh oh
of . or B
=L —48u L, R*r S —(gs, — pe)(ger + ps)K ™ (74)
ok ok
afo _ 2. -4 -2
5 = Tl2mhRr {ls1(gs. = per) = culger + psi)IK
—4p(gs, — per)(ge, + ps,)K ) (75)
af@ _ 2 -4 -2
3y = Tl2mhR {lsi(ger + psy) + cuas, — pe)IK
—4q(gs. — per)(qer + ps)K ) (76)
of . or ~
L = W8uhRIT—(qs, = pe)(qes + ps)K

— 120 R *[(qer + pse)* — (gs. — per)? )K= (77)
Finally, the f, partials are given by

0 0
oy, k=5 s, = pey@ = KYK=2 (78
da da
0 _.or _
a—JZ =24uJ,R*r Sa—h(qsL - pc)(2 — K)K™? (79)
0 _or _
B_JZ =24uJ,R*r 5ﬁ(qsL - pc)(2 = K)K™? (80)
afh 2. -4 -2
E = —6uhLRr {[—cL(Z —K)—2p(gs; — pc)]K
—4p(qs, — per)(2 — K)K 7} (81)
ofn _ 2 -4 -2
E = —6uhbLRr {[sL(Z — K) —2q(gs; — pcp)]K
—4q(qs, — per)(2 — K)K 73} (82)
0 _ or _
a—’Z = 24y R (g5, = pey)(2 = K)K ™

—6uJ,R*r *(gc, + ps;))(2 — K)K™2 (83)

The partial derivatives of r, namely, or/da, or/oh, or/ ok, and
or/oL thatappearin Eqs. (66-83) are according to Egs. (65). Thus,
the combined use of the polar or Euler-Hill frame instead of the
more cumbersome equinoctialf, 2, w frame, and the use of L as
the sixth state variable instead of 4, has eliminated the need to cal-
culate F' from Kepler’s equation by iteration at each integration
step and has resulted in the simplest form of the equations for the
adjointdifferentialequations that are integrated numerically and si-
multaneously with the dynamic equations. The optimal orientation
of the thrust acceleration vector is provided by the optimal control
0= [)\(_TBL(Z)]T/I)\(_TBL(z)I in this case. Because of the error in the
32X,/ 9 Fok partial, the example shown in Ref. 4 is generated to
provide the comparison needed to validate the versions that have
been derived earlier for the case where L effectively replaces I

(A))0, and (4,)o, as well as the initial longitude (1), and the transfer
time 7, along withimposed(4,)y =0, and by iteratingon the guessed
quantities until the final parameters as, hs, k;, p, g, which cor-
respond to the target orbit shown in Table 1, and (4,), =0 and
H; =1 are met to within a small tolerance. The orientation of the
continuous constant acceleration vector is obtained from Pontrya-
gin’s maximum principle by selecting & parallel to )\ZTM(Z, F).In
practice an unconstrained minimization algorithm is used to mini-
mize the quadratic objective function F’

F' =w(a - af)2 + wy(h — hf)2 + ws(k — kf)2 + wy(p — pf)2
+ws(qg —qp)* + we(A — 0)* + wy(H — 1)° (84)

where the w; are adjustable weights. Let f, =9.8 X 1075 km/s?,
and use the solution corresponding to the minimum-time transfer
without the J, perturbation?? namely,

(X))o = 4.675229762 s/km, (A,)0 = 1778011878 X 10" s

(Mo = 5.413413947 X 10%s,  (A,)o = —2.258455855 X 10* s

(A)o = —9.202702084 X 10%s,  (A), = —2.274742851 rad

t; =58089.90058 s (85)

with H; =1.003704. The value of (1), corresponds to M, =
—130.333164 deg, and the multipliers in Eq. (85) are scaled to
provide H =1 resulting in

(Az)o =4.657973438 s/km, (A,)0 = 1.771449217 X 10" s

(A)o =5.393432977 X 10%s,  (A,)o = —2.250119870 X 10* s
q

(Ao = —9.168734810 X 10° s, (A)y = —2.274742851 rad

t; =58089.90058 s (86)

An open-loop propagation is now carried out using Egs. (8-13)
and Eq. (22) with the optimal control law obtained from
a=X'M(z, F)/|\] M(z, F)| and starting at time zero with the ini-
tial values in Eq. (86) with (A;)o =0 and terminating the numer-
ical integration at ¢, =58089.90058 s, with J, =1.08263 X 1073,
The initial conditions corresponding to the minimum-time solu-
tion without the J, effect will fail to integrate the orbit to the
desired target orbit if we activate the J, perturbation as we just
did. This failure is shown in Fig. 1, which shows the evolution of
the eccentricity vs the semimajor axis with a, =40427.5184 km
and e; =4.024759 X 1072 well short of the desired parameters
a; =42000km and e, =107 at time #,.

The minimum-time solution with J, active is now obtained by
iteration starting from the guess provided in Eq. (86) and still using
the nonlinear system of equations that correspond to Egs. (22) and
(23). The result is the solution given by

(A2)o =4.800100306 s/km, (A,)0 =3.281827358 X 10" s

(Mo = 8.060772261 X 10%s,  (4,)o = —2.254928992 X 10* s
(Mo = —9.150040837 X 10°s,  (A)g = —2.299291130rad

t; =58104.83438 s (87)
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Fig. 1 Effects of J, perturbation on minimum-time transfer solution
generated without oblateness consideration.

The value of (1) corresponds to My =—131.7396776 deg, and
the final achieved parameters are shown in Table 1 with M, =
45.411543 deg with imposed (A1)o =0 s/rad and iterated
(A2)  =4.07864 X 1073 s/rad, which is effectively near the desired
value of zero for an optimized arrival point on the target orbit. The
Hamiltonian H =1.000000 is constant throughout, and the total
AV = f; - t; is equal to 5.694273769km/s. This solution s slightly
different from the one shown in Ref. 4 because there the errorin the
02X,/ 9 F ok has affected and contaminated the exact solution here.
The net effect in considering the J, perturbation has resulted in a
transfer duration increased by some 14.9338 s when compared to
the thrust only case, and the location of the departure point has now
moved by some 1.406 deg with respect to the location correspond-
ing to the solution without the oblateness effect. We now verify
the soundness of the last two versions of this optimization problem
by carrying out open-loop integrations of the system of equations
corresponding to the Hamiltonian in Eq. (38), namely,

a B\, Bi, B 0

h By By By 0
uy Ir

k Bsy Bs Bsy 0

= ug | fi + 1 fo +

p By By By " P 0
h h

q Bs; Bs, Bs; 0

A Bsi  Bsx Bss n

(88)

and Eq. (39), and starting from the initial conditions in Eq. (87),
until the final time ¢, =58104.83438 s. The trajectory is
integrated to a; =41999.99992 km,e, =1.000022 X 1073, i, =
1.000001 deg, €2, =359.999569deg, o, =359.999137 deg, and
M =45.411538 deg matching the achieved parameters in Table 1
very closely. In a similar way, the dynamic equations corresponding
to the Hamiltonian in Eq. (63), namely,

a\  (BY BL B
L I Y ;
k B:  BL BL " "
— 31 32 33 Ug ft + f@
2 B TR 0
q B Bs, B
L Bg Bg Bg
0
0
0
+ (89)
0
0

na*(1 — > — k23 /2

aswell asthe adjointsystemin Eq. (64) are also integratedforwardin
time starting with the same initial conditionslisted in Eq. (87), where

(L)o ==2.299291130rad replacesthe identical value of (1) shown
there, with (4,)o =0 instead of (4,)y, until £, =58104.83438 s.
The trajectory is integrated to a; =41999.99992 km, e, =
1.000022 X 1073, i, =1.000001 deg, 2; =359.999569 deg, &y =
359.999137 deg, and M, =45.411538 deg, effectively showing
that all three formulations are identical and provide the same tra-
jectory. All of the pertinent integrations are carried out by set-
ting the relative and absolute error controls at the 10~° level. The
solution generated in Eq. (87) required several runs with differ-
ent w; weights for each run for a successful convergence. How-
ever, the converged solution was obtained with a single run us-
ing the L formulation developed in Egs. (63), (89), and (64)
with w, =1, w, =107, w3 =108, w, =107, ws =108, we =1, and
w5 =10 and with the function value F’, where the sixth term in
Eq. (84) is now replaced by w¢(A, — 1)?, minimized to the level of
1073, The minimization algorithm uses an internal tolerance value
for the convergencetests that is equal to the square root of the error
in the function values, which are essentially equal to the machine
roundoff level &,,.,. Unlike the algorithms that compute the zeros
of a function to nearly full machine precision, the minimization
algorithms can find the local minima to only about half-precision
because now the zeros of the derivatives of F’ are being computed.
This singlerunrequired about 85 min on a 66-MHz machine, 65 min
on a 266-MHz machine, and about 35 min on a 1000-MHz double
PentiumIII personalcomputer. Anotheradvantageof the L formula-
tion for minimum-time problems lies in the increased compactness
of the resulting equations, which would be further beneficial if other
perturbations such as those due to third body gravity are also con-
sidered. Finally, it is possible to modulate the value of J, from zero
to its actual value and obtain a series of converged runs starting
from the known thrust-only solution, if the nominal J,-perturbed
case proved difficult to generate.

We finally compare this J,-optimized trajectory given in Eq. (87)
with the trajectory that is generated by using the initial conditions
shown in Eq. (85) that corresponds to the minimum-time trans-
fer solution for the thrust perturbation only. However, we integrate
the same system of Eqs. (22) and (23) with the J, perturbation on
until 7, =58089.90058 s to compare the time histories of the vari-
ous transfer parameters even for this short-duration transfer, where
J, introduces only a small integrated perturbation effect as com-
pared to the roughly 10~2-g thrust accelerationused here. Figures 2
and 3 compare the evolutions of the equinoctial elements k and
p, whereas Figs. 4 and 5 compare the evolution of the classical
elements e and M showing clearly that the fully J,-optimized solu-
tion achieves the required target conditions. Figures 6-8 show the
evolutions of the Lagrange multipliers A, 4,, and 4, effectively
showing that the optimal (1,) , alone terminates at the zero value
as it should for a free-free transfer in which both the initial and
final orbital locations are indeed optimal, providing the absolute
minimum-time transfer solution. In Fig. 9, only the optimal transfer
satisfies the H =1 value throughout the transfer, whereas the other
transfer results in a slightly lower value of the Hamiltonian, indi-
cating that the transfer time is not optimized and that in this case is
optimistic.

0.1 T T T T
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0.0 7

~ 01F |

-01F .
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-0.2~ I

| I | | | | | |
035 2 4 6 8 10 12 14 18

Time, hours

Fig. 2 Evolution of k vs time for J,-optimized and J>-nonoptimized
perturbed minimum-time transfers.
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Fig. 3 Evolution of p vs time for J;-optimized and J>-nonoptimized
perturbed minimum-time transfers.
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Fig. 4 Evolution of e vs time for J;-optimized and J>-nonoptimized
perturbed minimum-time transfers.
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Fig. 5 Evolution of M vs time for J,-optimized and J,-nonoptimized
perturbed minimum-time transfers.
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Fig. 6 Evolution of \; vs time for J-optimized and J>-nonoptimized
perturbed minimum-time transfers.
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Fig.7 Evolution of X\, vs time for J;-optimized and J;-nonoptimized
perturbed minimum-time transfers.
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Fig. 8 Evolution of A\ vs time for J,-optimized and J>-nonoptimized
perturbed minimum-time transfers.
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Fig. 9 Evolution of Hamiltonian vs time for J;-optimized and J>-
nonoptimized perturbed minimum-time transfers.

Averaged Rates of the Elements Due to J, and Their
Partial Derivatives

The averaged Hamiltonian for the thrustand J, perturbationscan
be written as

H=H,+H, (90)
where
- T
H;, =Xz, 91

The differential equations for the adjoints involve the 0% 1,/ 3% par-
tial derivatives, and both Z,;, and 0%,/ 0Z have been derived for the
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a,h,k, p,gand A elements.* Because we are now replacing A by
L, an expression for L 1, must be developed first before its partial
derivatives can be generated. By the use of the averaged rates of
o, Q, and M in terms of the classical elements,’*

by, = LR p)i[2 - 257 (92)
Q), = =20(R* pP)iic; (93)
1\7'1,2 =2 1(R* /ﬁ'2)n[1 - %s}](l — &)t (94)

The followmgexpressmnsforh,z, k,z, Pis qh, and/l,2 were dev-
eloped by also making use of d,, =&, =i, =0 and by
noting that p’ is the mean orbit parameter given by p' = a@(1 — &%):

23 kL, R*u 1+3(p% + 352 = 6(p* + )
2T 2 ha5(1 = B2 — Ry 1+ P2 +q2)?
95)
P 3 hJ,R*u 1+ 3( )2 —6(p2 + G%)
2 27a5(1 — h? — k)2 1+ p2+ 32
(96)
. 3 GLR*u(l — p* — G*
by = - a/2h /»t(~ p il) - ©7)
2ha5(1 = h? — k221 + p2 + ¢?)
. 3 plLR*u(l — p? - G*
Qn=2— P /»t(~ p il) ; (98)
27a5(1 —h? —k2)2(1 + p2 + ¢2)
112 = Mlz + (illz /i‘;) = MJZ - (i‘;h/il) (99)
where

CR*u(1 = R? = k)3
Aaas(l + p2 + g2)?

)

[1+ (5 + 3 - 45> + 3]
(100)

There is a typographicalerror in Eq. (108) of Ref. 4, which should
have (1 + p? + G*)? instead of (1 + p> + §°) as the term in the
denominator,and this was correctedin Eq. (96) here. Equations (95—
100) are derived as Eqgs. (107-110) and (112), (111), respectively
in Ref. 4 where two typographical errors in Eq. (111) of Ref. 4
have been corrected in Eq. (100) here. The partial derivatives of
. kg, P ,,.4,,, and2,, with respectto @, h, k, j, and § have also
been derived in Ref. 4 and are given there by Eqgs. (113-137). Note
that Eq. (135) of Ref. 4 also has a typographical error and should
read

3J
)

ok, _ 3kM, ~ 4%

.
=
|.§

= = —2 — (101)
ok -R2-k» (-h-k)
whereas Eqs. (136) and (137) should read
ok, 12LRup3(5 +§) = 2]
0P Aas(1 —h?—k»2(1 + p2 + g2}
R2u 7 52 _ 2y-2 52 4+ 52) —
4 8hRup( ~~h /<~) 2[?(1) §*) — 3] (102)
ias(l + p + g*)3
ok, 12hRugl(p + 3> —2]
0q  Aa’(1—h2— k(1 + p* + §*)>
65 Rug(1 = k2 =) I35 + §) - 3
L 8hR g ) 2[3(p* +§*) — 3] (103)

Aa (1 + p> +q°)°

It can also be shown that Ajlojz =1\7.[,2 and iojz =jl,2. From M,
written in terms of the partial derivatives of the disturbing function
R, namely,

2 R (1-¢») R

na da na’e e

we have for the J, perturbation

=i LR [4(1 - &%)73 (2 - 352) (104)
Therefore,
oR 3 i a3
— = —Z;JQRZ(l - &)1 (2-352) (105)
— =SB LRY(1 - &) 38(2 - 352) (106)

which yields after some manipulationsthe expression for Ajlojz as
Mo, =3LR* 51 - 32](1 - &)1 (107)

which is identical to Eq. (94). Similarly, from

s __ 20k 0 —@)[1-(1-2)] aR
2 = fa oa iaze oe
tan(i/2) oR
_tan(t/2) 0% (108)
Aa(1 — @)1 oi
and using
oR 37*J, R ‘
=l (1 —B) s (109)
oi 2
the expression for jloj is obtained after some manipulations
ho,, = 2(Aa) LR (1 - & )3 (2 - 357)
+3(i/a*) LR (1 = &) 722 = ¢; — 352 (110)

This expression is equivalent to 4;, =M, + @, + €2;,, which
is obtained by adding the quantities in Eqs. (92-94), thereby
showing that 2y, =2, too. We now use L in Eq. (18) of Ref. 3,
which is also given by Eq. (61) in terms of equinoctial elements
in the present paper. With f, given by Eq. (3), we have with
W =p'"2a"2(1=¢e2)"2 r =a(1=e?)(1 + ecy=)~",and 0 = w + 6*.
Also,

L =(1rY + (r/ W)sptan(i/2) f,
L =n(1 —e})3(1 + ecy:)? — (3nJ2R2/a2)
X(1 = e))73 tan(i/2)s;¢;s2 , go(1 + ece)’? (111)

such that

_3 % 311.]2 -1
L—n(l—e) 2— (1+ecg*) do —(1—6) P
a?

i [ I
X tan | = )s;c;— Sy s or(1 + eco=)” dO
2 2z J,

The integrations yield

2
L/ (1 + eco<)? dO* =l(2+e2)
2n 0 2

1 2z

W

13,3
— 1+ ecy)?do” = = + =e? + =es?
27 ), S ¥ e’ TR

which are replaced in Lto yield
[ = n(l — 62)_%[1 +(€2/2)] - (3nJ2R2/a2)

X(1 =€) 3(1 - c,-)c,-(% +2e + %6253)) (112)

This expression can also be converted to a form that involves the
equinoctial elements themselves instead of the classical elements.
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However, we need an expression for s, in terms of £, k, p, and q.
From the definition of 4 and k, we have

Sorno =hI(P + k)3 =hle,  corn=kI(h>+k)3 =kle
which yield
sy = (hle)eq — (kle)sq, ¢, =(hle)sq + (kle)cq
and because
sa = pl(pP* + 4¢3, ca=ql(p* +q*)?
they can be written as
hg — kp
" (2 + k)3 (p? + ¢2)%
hp + kq
" (2 + k)3 (p? + ¢2)%

s (113)

c (114)

If we use ¢; = (1= p> —¢*)(1 + p> + ¢*)~" and the s, expression
in Eq. (113), then the L [Eq. (112)] will be converted to the form

2 2y-% 2 2 2
B - R*(1 - p* -
i=na —ez)‘%(l +e_>_ Sn-e)2 RRA —p” —q)

2 a? 1+ p2+4?)
9 3
X (p2 +q° + Z(hzq2 +k*p?) + Z(kzq2 +hp?) — 3hkpq>

(115)

As a further verification, we can start from L in Eq. (61) and f;, in
Eq. (6), which are directly written in terms of 4, k, p, ¢, and L, and
using r =a(l —h* —k>)(1 + hsy + kcy)™" write
i n(l+ hs, +kc;)>  6n(1 — ez)_%Jsz(l -pP=4q%

= (1 — 62)% az(l + p2 + q2)2

X (qs; — pcr)*(1 + hsy + kep)?

The averaging procedure requires the following integrations:

! 2”1+h thedl =1+ (XY 2+ 2
27 ), ( sy + kep) = 2 = 2

1 2
E/ (gs, — pc)*(1 + hs, + ke,)>dL
0

24 42
=<P 2‘1 >+§(h2q2+k2p2)

3
+ %(kzq2 + h?p?) — Ehkpq

providing the averaged rate for L as in Eq. (115).
Therefore,

L=n(1-e) 31+ (/2] + L, (116)
. 332 L R*(1 — p* — §°)

Ly =- — (ﬁ2+172
(1=h2=k)2(1 + p* + 22

The partial derivativesof L, are now readily obtained as

7T -
=——"L 118
7L (118)

oLy, _ 7h ;o 3AaCLRM(1 = 5P =)
oh (== " (-2 -3+ p2+ gy
9. 3. _
X (thz + Ehﬁz - 3kp'q> (119)
oL, _ 7k s 3T LR(L= =)
ok (1 =h?—=k? . (1-Fh2 - ](72)%(1 + 2+ )2
O
X Ekp + Ekq —3kpg (120)
oL, 25 - 4 -

o (U-p-a) " A+ p+a) "
37a2LRY(1 — p* — G

(1= =)0+ p> + )

9 3 . o
x(zp' + Eﬁkz + EJW - 3hkq> (121)
oL, 2 - 4G .
g (A-p2=-¢) " A+p+g) "

37a2 L, R¥(1 — p? — G2)
(1=F2 =)+ p + )2

9. 3. -
X (2q + Ehzq + Ek2~ - 3hkp’> (122)

Conclusions

Precision integrated minimum-time orbit transfers between gen-
eral elliptic orbits using continuous constant acceleration and sub-
jected to the perturbing effects of the second zonal harmonic J,
are generated with two different formulations using two different
sets of equinoctial elements. The use of the true longitude as the
sixth element, as well as the variable with respect to which all of
the dynamic and adjoint differential equations are expressed, cou-
pled with the use of the polar coordinate frame as the orbital frame
for componentresolution of the thrust and J,-induced perturbations
resultin an analysis that is substantially simpler than previously de-
veloped versions and lead to simulation software that exhibits bet-
ter convergence characteristics. The full six-state analysis is used
to generate a free-free minimum-time transfer that is verified and
compared with the results generated by a previously derived formu-
lation. The partial derivatives of the averaged rate of the true lon-
gitude due to J,, with respect to the five slowly varying elements,
are also derived analytically for use in software that uses averaged
dynamics for approximate and rapid generation of minimum-time
transfers.
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